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The quantum optics of metamaterials starts with the question whether the same effective-medium
theories apply as in classical optics. In general the answer is negative. For active plasmonics but
also for some passive metamaterials, we show that an additional effective-medium parameter is
indispensable besides the effective index, namely the effective noise-photon distribution. Only with
the extra parameter can one predict how well the quantumness of states of light is preserved in the
metamaterial. The fact that the effective index alone is not always sufficient and that one additional
effective parameter suffices in the quantum optics of metamaterials is both of fundamental and
practical interest. Here from a Lagrangian description of the quantum electrodynamics of media
with both linear gain and loss, we compute the effective noise-photon distribution for quantum light
propagation in arbitrary directions in layered metamaterials, thereby detailing and generalizing
our recent work [ E. Amooghorban et al., Phys. Rev. Lett. 110, 153602 (2013)]. The effective
index with its direction and polarization dependence is the same as in classical effective-medium
theories. As our main result we derive both for passive and for active media how the value of the
effective noise-photon distribution too depends on the polarization and propagation directions of
the light. Interestingly, for TE-polarized light incident on passive metamaterials, the noise-photon
distribution reduces to a thermal distribution, but for TM-polarized light it does not. We illustrate
the robustness of our quantum optical effective-medium theory by accurate predictions both for
power spectra and for balanced homodyne detection of output quantum states of the metamaterial.
PACS numbers: 42.50.Ct, 42.50.Nn, 03.70.+k, 78.20.Ci, 78.67.Pt
I. INTRODUCTION
Metamaterials are known and studied for guiding and
manipulating light in ways not seen in Nature. [1, 2].
They consist of repeated designed subwavelength unit-
cell structures that allow a description of the metamate-
rial in terms of effective optical parameters not found
in natural materials, with negative-index metamateri-
als [1, 3] as the prime example. In this Introduction we
discuss applications of metamaterials in quantum optics,
and motivate the need for a quantum optical effective-
medium theory.
Applications in optics of metamaterials include flat su-
perlenses [1, 4–6] and sensors [7]. Metamaterials can con-
stitute a material basis for applications of transforma-
tion optics [8] such as cloaking devices, which typically
require graded-index media realized as graded-effective-
index media. The properties of a metamaterial derive
from an average of its constituting materials, which of-
ten involve both metals and dielectrics. There are differ-
ent ways to determine the effective refractive index of a
metamaterial, which is the topic of homogenization the-
ory [9–18].
One important class of structures for which such av-
eraging can produce truly new functionalities are the
∗ ehsan.amooghorban@sci.sku.ac.ir
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epsilon-near-zero (or ENZ) materials [19–22], in which
light propagates with extremely small phases and long
effective wavelengths, as has been realized also at visi-
ble wavelengths [23, 24]. Dispersion-compensated meta-
materials can also lead to new devices [25]. Loss-
compensated metamaterials constitute another class of
structures for which averaging over a unit cell can pro-
duce something truly new [4, 26, 27]: loss in one con-
stituent can be compensated by linear gain in another, so
as to produce metamaterials with lower or even vanishing
effective loss. Partial loss compensation has been realized
both in plasmonic waveguides [28, 29] and in metamate-
rials [30]. Loss compensation is studied in the field of
active plasmonics and tuneable metamaterials [31–33].
All mentioned applications of metamaterials are within
the realm of classical electromagnetism.
Quantum plasmonics concerns the study of quantum
optics with plasmons [34]. It is a stimulating question
which of the mentioned applications of metamaterials can
be transferred to quantum optics. Indeed an increas-
ing number of researchers is exploring how to manipu-
late quantum emitters and quantum states of light using
metamaterials [35–43]. Vice versa, the exploration how
quantum states of light can be used to analyze metama-
terial properties has also only just begun [44, 45].
The best known and important example of metamate-
rials with new functionality for quantum emitters are the
hyperbolic metamaterials. Their effective epsilon is posi-
tive in one or two directions and negative-valued in the re-
2maining direction(s) [35]. By taking the usual limit of in-
finitely small unit cells, the iso-frequency dispersion sur-
faces of such anisotropic bulk media become hyperbolic,
with infinite associated local optical density of states.
This nonphysical infinity indicates that the usual ideal-
ized description of metamaterials needs improvement for
embedded quantum emitters, for example by taking into
account the nonlocality of the metallic response [46], or
the finite size of either the unit cells [47] or the emit-
ters [48]. Thus quantum emitters embedded inside meta-
materials provide a challenge for the effective-medium
theories [49].
Quantum optics poses another less known challenge to
metamaterials, even when probing metamaterials in the
far field and when unit cells are much smaller than the op-
erating wavelength: One can do quantum optical exper-
iments to tell apart two metamaterials even though they
have the same shape and the same effective index [45]. In
classical electrodynamics this would be impossible, but in
quantum optics this may even be possible with normally
incident light on simple layered metamaterials [45]. This
is because of quantum noise. Quantum mechanics poses
a limit to the use of the common effective-index theories.
In principle the ‘quantumness’ of light can survive the
propagation through a metamaterial. In general, quan-
tum states of light that propagate through absorbing or
amplifying media will be affected by quantum noise as-
sociated with the loss [50–54] and gain [55, 56]. This also
applies to metamaterials. This does not mean that the
concept of the effective index breaks down in quantum
optics. On the contrary, in Ref. 45 we presented a quan-
tum optical effective-index theory that accurately de-
scribes passive metamaterials and the more exotic meta-
materials consisting of alternating layers both with gain.
The theory also describes the quantum noise in these
metamaterials, and can be seen as a direct extension of
the usual effective-index theory.
However, for loss-compensated metamaterials we
found that the effective index sometimes underestimates
the average quantum noise picked up in a unit cell, be-
cause loss can be compensated by gain but quantum noise
due to loss cannot be compensated by quantum noise due
to gain. Thus effective descriptions of loss-compensated
metamaterials based solely on the effective index break
down in quantum optics. Nevertheless an accurate quan-
tum optical effective-medium theory of loss-compensated
metamaterials is still possible, where besides the usual ef-
fective index an additional effective-medium parameter is
introduced for loss-compensated metamaterials, namely
the effective noise photon distribution [45]. These results
were obtained only for normally incident light on multi-
layer metamaterials.
Here we generalize Ref. [45] in important ways by con-
sidering quantum optical effective-medium theories for
three-dimensional light propagation in layered metama-
terials. As is well known in classical optics, TE- and
TM-polarized light propagate qualitatively different in a
layered medium. Analogously, we will here present sur-
prisingly different effective noise-photon densities for TE-
and TM-polarized light. Only for normal incidence will
they coincide with each other and with the effective noise-
photon density of the one-dimensional theory of Ref. [45].
We also address anew the question whether it is only
the loss-compensated metamaterials that require an ad-
ditional effective-medium parameter.
The paper is organized as follows: In Sec. II, we in-
troduce the field quantization of media with both gain
and loss, presenting what we believe is the shortest and
simplest route from a Lagrangian to a phenomenological
quantum electrodynamics based on the classical Green
function. We use these results to derive in Sec. III an
input-output relation for planar multilayer dielectrics.
Then in Sec. IV we derive a quantum optical effective-
index theory, and we test its predicted power spectra in
Sec. V. A quantum optical effective-medium theory for
both s- and p-polarized light is introduced in Sec. VI,
and tested for the propagation of squeezed states of light
through metamaterials in Sec. VII. We end with a dis-
cussion and conclusions in Sec. VIII, and an appendix.
II. FIELD QUANTIZATION
With application to loss-compensated metamaterials
in mind, here we derive a general expression for the quan-
tized electric field after non-normal propagation through
a bounded inhomogeneous dielectric medium that ex-
hibits both loss and gain. Quantum-mechanical theories
for electromagnetic wave propagation through lossy [50–
52] or amplifying [55, 56] dielectrics have been devel-
oped previously. We described media with both gain
and loss in Ref. 57, where we used path-integral quan-
tization techniques. Here instead we will not use path
integrals and instead we give a simpler quantum electro-
dynamical description of media with both gain and loss,
which is valid for arbitrary dielectric structures, includ-
ing all non-magnetic metamaterials. The method has the
advantage that there is a clear relation between the di-
electric function of the dielectric medium and the more
microscopic coupling parameters in the Lagrangian. Its
specific application to multilayer structures then follows
in Sec. III.
The quantum electrodynamics of a linearly lossy di-
electric can be described by modeling the medium as a
reservoir of three-dimensional harmonic oscillators that
interacts with the electromagnetic field [50]. We also
allow for the possibility that the medium is linearly
amplifying in some finite regions of space, with gain
(Im[ε(ω)] ≡ εI(ω) < 0) in one or more finite-frequency
windows. Linear gain can be modeled as the coupling
of the electromagnetic field to a continuum of inverted
harmonic oscillators [58, 59].
We introduce our model for optical media with both
gain and loss by first specifying its Lagrangian density in
real space [57]
L = LEM + Le + Lint, (1)
3where the first term LEM has the standard form LEM =
1
2ε0E
2(x, t)− 12µ0B2(x, t), describing the free electromag-
netic field. There is gauge freedom to write the electric
field E = −∂A/∂t−∇φ and the magnetic fieldB = ∇×A
in terms of the scalar and vector potentials φ and A.
For convenience we choose the Coulomb gauge in which
the divergence of the vector potential vanishes by defini-
tion. The second term Le in Eq. (1) denotes the inter-
nal dynamics of the linear medium, which we describe in
terms of frequency continua of the harmonic vector field
Xω(x, t) as
Le = 1
2
∫ ∞
0
dω
[
X˙2ω(x, t)− ω2X2ω(x, t)
]
sgn[εI(x, ω)].(2)
We define the polarization field of the medium as
P(x, t) =
∫ ∞
0
dω g(x, ω)Xω(x, t), (3)
and assume a linear coupling of the electromagnetic field
with this field,
Lint(A,P, φ) = A(x, t) · P˙(x, t) + φ∇ ·P. (4)
The g(x, ω) in Eq. (3) is assumed to be a real-valued
scalar coupling function of the electromagnetic field to
the spatially inhomogeneous medium. At positions and
for frequencies for which εI(x, ω) is positive-valued, the
medium is lossy and X2ω(x, t) is an oscillator to which
electromagnetic energy is lost, whereas if εI(x, ω) has a
negative value, then the medium is amplifying the elec-
tromagnetic signal. The latter is modeled with oscillators
that are called ‘inverted’ because of the overall minus sign
sgn[εI(x, ω)] = −1 in the material Lagrangian density
Eq. (2). The time derivative of the scalar potential (φ˙)
does not appear in the Lagrangian density (1). This im-
plies in the first place that the conjugate momentum asso-
ciated with the scalar potential φ is identically zero. Sec-
ondly, the scalar potential (by its Euler-Lagrange equa-
tion) can be expressed in terms of other degrees of free-
dom by Poisson’s equation ε0∇2φ = ∇ · P. The solu-
tion is φ(x, t) = (4πε0)
−1
∫
dx′∇′ ·P(x′, t)/|x− x′|. The
scalar potential is thereby eliminated, and a reduced La-
grangian is obtained where only the vector potential A,
the harmonic vector field Xω and their time derivatives
appear. To this end, the free electromagnetic field part
and its interaction part are rewritten as
LEM(A) = 1
2
ε0A˙
2(x, t)− 1
2µ0
(∇×A(x, t))2, (5a)
Lint(A,P) = A(x, t) · P˙(x, t)
+
1
8πε0
∫
dx′
∇ ·P(x, t)∇′ ·P(x′, t)
|x− x′| ,(5b)
while the material Lagrangian density (2) stays with-
out any changes because there is no term including the
scalar potential φ. Here and in the following we take the
medium to be non-magnetic, and for extensions to mag-
netodielectrics we refer to Ref. 57. The Lagrangian (1),
with the vector potential A, and the continua of the po-
larization operator Xω can be used as canonical fields
with the following corresponding canonically conjugate
fields
− ε0E(x, t) ≡ δL
δA˙(x, t)
= ε0A˙(x, t), (6a)
Qω(x, t) ≡ δL
δX˙ω(x, t)
(6b)
= g(ω,x)A(x, t) + sgn[εI(x, ω)]X˙ω(x, t).
Until now there is no difference with a classical descrip-
tion. We arrive at a quantum theory by taking the
fields to be quantum fields (operator vector fields) that
satisfy non-vanishing equal-time commutation relations
with their canonically conjugate fields. Apart from the
subtlety with the sign functions in Eq. (6c) that discrim-
inate between the frequency intervals where there is gain
and loss, this canonical quantization of the fields can pro-
ceed in a standard fashion by demanding equal-time com-
mutation relations
[Ai(x, t),−ε0Ej(x′, t)] = i~ δijδ⊥(x − x′), (7a)
[Xω,i(x, t), Qω′,j(x
′, t)] = i~ δij δ(ω − ω′) δ3(x− x′), (7b)
while all other equal-time commutators vanish. Using
the Lagrangian (1) and the expression for the canonical
conjugate variables in Eq. (6), we obtain the Hamiltonian
density
H(x, t) = 1
2
ε0E
2(x, t) +
B2(x, t)
2µ0
(8)
+
1
2
∫ ∞
0
dω sgn[εI(x, ω)]
×{(Qω(x, t) − g(ω,x)A(x, t))2 + ω2X2ω(x, t)}.
Maxwell’s equations can now be obtained from the
Heisenberg equations of motion for the vector potential
and the transverse electric field and from the commuta-
tion relation Eq. (7),
A˙(x, t) = −E(x, t), (9a)
ε0E˙(x, t) = µ
−1
0 ∇×∇×A(x, t)− P˙(x, t). (9b)
Using the definitions D = ε0E+P for the displacement
field and and H = B/µ0 for the magnetic field strength,
Eqs. (9) result in D˙(x, t) = ∇ × H(x, t) and B˙(x, t) =
−∇ × E(x, t), showing the consistency with Maxwell’s
equations. In a similar fashion, the Heisenberg equation
of motion for the dynamical variable Xω leads to the
second-order differential equation
X¨ω(x, t) = −ω2Xω(x, t) + sgn[εI(ω)]g(x, ω)E(x, t), (10)
which has the formal solution
Xω(x, t) =
(
X˙ω(x, 0)
sinωt
ω
+Xω(x, 0) cosωt
)
(11)
+ g(x, ω)sgn[εI(x, ω)]
∫ t
0
dt′
sinω(t− t′)
ω
E(x, t′).
4In classical electrodynamics, one would typically assume
the corresponding initial fields X˙ω(x, 0) and Xω(x, 0) to
vanish, which is something that one should not do for the
initial quantum operators in Eq. (11) if only because this
would violate their commutation relations. It is these
initial-operator terms in Eq. (11) that give rise to the
qualitatively new phenomenon of quantum noise, as we
shall see shortly.
To facilitate our further calculations, let us introduce
the annihilation operator
dj(x, ω, t) =
1√
2~ω
[−iωXω,j(x, t) + Qω,j(x, t)] , (12)
where j = 1, 2, 3 labels the three orthogonal spatial direc-
tions. Their commutation relations follow immediately
from Eq. (7),[
dj(x, ω, t), d
†
j′ (x
′, ω′, t)
]
= δjj′ δ(ω − ω′)δ3(x− x′).(13)
Now by inverting the relations (12) and substituting the
result into Eq. (3), the polarization field of the medium
can be written in terms of creation and annihilation op-
erators as
P(x, t) = ε0
∫ ∞
0
dt′ χ(x, t− t′)E(x, t′) +PN(x, t).(14)
Here, the time-dependent susceptibility is defined as
χ(x, t) =
Θ(t)
ε0
∫ ∞
0
dω sgn[εI(x, ω)]g
2(x, ω)
sinωt
ω
, (15)
which is a causal response function because of the step
function Θ(t). After Fourier transformation, the suscep-
tibility becomes
χ(x, ω) =
1
ε0
∫ ∞
0
dω′
g2(x, ω′) sgn[εI(x, ω
′)]
ω′2 − (ω + i0+)2 . (16)
The field PN(x, t) in Eq. (14) is the electric polariza-
tion noise density that is inevitably associated with ab-
sorption and amplification inside medium. As in the
phenomenological method of Refs. 55 and 56, we can
separate this noise operator into positive- and negative-
frequency parts PN = PN(+) + PN(−) with PN(−) =
[PN(+)]†, where
P
N(+)
i (x, t) = i
∫ ∞
0
dω
√
~ε0|εI(x, ω)
| πfi(x, ω)e
−iωt,(17)
in terms of the operator fi(x, ω) that has the form
di(x, ω, 0)Θ[εI(x, ω)]+d
†
i (x, ω, 0)Θ[−εI(x, ω)]. This noise
operator is indeed expressed in terms of material opera-
tors at the initial time t = 0, as anticipated. If we now
take the time derivative of Maxwell’s equations in Eq. (9)
and insert Eq. (14), then we obtain the frequency-domain
wave equation for the positive-frequency part of the vec-
tor potential
∇×∇×A(+) − ω
2
c2
εA(+) = −iµ0ωPN(+), (18)
where the electric permittivity ε(x, ω) = 1 + χ(x, ω)
satisfies the Kramers-Kronig relations because χ(x, t) in
Eq. (15) vanishes for t < 0. Furthermore, the noise oper-
ator PN(+)(x, ω) in the wave equation (18) plays the role
of a Langevin force associated with the quantum noise
sources in the dielectric. This equation can be solved as
A(+)(x, t) =
−iµ0√
2π
∫ ∞
0
dω ω
∫
d3x′
×G(x,x′, ω) ·PN(+)(x′, ω) e−iωt
=
∫ ∞
0
dω
∫
d3x′
√
~µ0ω2|εI(x′, ω)|
πc2
×G(x,x′, ω) · f(x′, ω)e−iωt, (19)
where G(x,x′, ω) is the classical causal Green function (a
tensor) that is defined by the equation[
∇×∇×−ω
2
c2
ε(x, ω)
]
G(x,x′, ω) = δ3(x− x′)13.(20)
From our Lagrangian theory we thus arrive at the follow-
ing more phenomenological quantum theory of light in a
medium with loss and gain: given a dielectric function
ε(x, ω), compute the classical Green function (20) and
use this to determine the vector potential (19). With
Maxwell’s equations all other fields can then also be de-
termined.
III. INPUT-OUTPUT RELATION FOR
PLANAR DIELECTRICS
Let us now specify that the dielectric medium with
loss and/or gain is a planar dielectric for which the di-
electric function ε(x, ω) varies in a step-wise fashion in
the z-direction, as depicted in Fig. 1. Main goal of this
paper is proposing and testing effective-medium theories
that are accurate in quantum optics. The test consists of
a comparison between an exact formalism for quantum
optics in multilayer media on the one hand and effec-
tive descriptions for planar metamaterials on the other.
In this section we will derive the mentioned exact for-
malism, while the numerical comparison will be made in
Sec. IV.
We look for a quantum optical input-output relation
that can describe the action of a lossy and / or linearly
amplifying multilayer medium on an arbitrary quantum
state of light incoming from an arbitrary direction with
either s- or p-polarization. The sought input-output re-
lation is an operator relation, relating the (annihilation)
operators describing the incoming light to the annihila-
tion operators of the outgoing light. To this end, more
is needed than just the classical scattering matrix of a
multilayer medium, because the incoming quantum state
of light is not the only source that determines the out-
put radiation. Quantum noise photons in the lossy and
amplifying layers constitutes another source.
The classical Green function plays a central role, de-
scribing both the propagation of the incoming light and of
5 
 
 
 
 
 
    
  
 
(1)
, 1(z , , )a + ks w  
(1)
, 1(z , , )a - ks w  
( 1)
, 1(z , , )
N
N
a
+
- +
k
s
w  
( 1)
, 1(z , , )
N
N
a
+
+ +
k
s
w  
1z 0=  2 1z l=  3 2z l=  1zN Nl- =  1zN Nl +=  
1e  1N
e
+
 
k
 
2e  1N
e
-
 
N
e  
3e  
 
FIG. 1. (Color online) Sketch of the planar dielectric medium
with permittivity εj(ω) and thickness lj of the j
th layer. The
arrows denote incoming and outgoing fields. Also shown are
the corresponding annihilation operators used in the defini-
tions of the electric-field operator Eq. (28).
the quantum noise photons towards the output direction
or detector. As a generalization of the result by Tomasˇ
for lossy dielectric multilayers [60], we already derived
the Green function for multilayer media with both lossy
and amplifying layers in Ref. 57, and we will make use of
that result here. We will then show in more detail that
the explicit form of that Green function allows a suitable
rewriting of the vector potential in Eq. (19) as the sought
operator input-output relation. We will thereby arrive at
a gain-and-loss-in-3D generalization of the 1D-formalism
by Gruner et al. who studied the QED only of lossy pla-
nar dielectrics [52]. In our notation we follow Ref. [60].
Multilayer media (see illustration in Fig. 1) are trans-
lationally invariant in two spatial directions. It is often
convenient to exploit this symmetry by introducing the
transverse spatial Fourier transform in the directions of
translational invariance,
G(x,x′, ω) =
1
2π
∫
d2k eik·(ρ−ρ
′)
G(k, z, z′, ω)
(21)
where k is a two-dimensional vector in the x, y-subspace
and ρ = (x, y). The Green tensor G(k, z, z′, ω) assumes
two different forms, depending on whether z and z′ are
located in the same layer or not. For z′ in layer j it is
given by [57, 60]
G(k, z, z′, ω) =
1
2πε0εj(ω)ω2
δ(z − z′)zˆzˆ + 1
4πβj
p∑
σ=s
ξσ
e−βjlj
Djσ
(22a)
×[E(j)σ>(k, ω; z)E(j)σ<(−k, ω; z′)Θ(z − z′) + E(j)σ<(k, ω; z)E(j)σ>(−k, ω; z′)Θ(z′ − z)], z also in layer j
G(k, z, z′, ω) =
1
4πβn
p∑
σ=s
ξσ
t
n/j
σ e−(βjlj+βnln)
Djσ
(22b)
×
[
E(n)σ>(k, ω; z)
D
n/j
σ,+
E(j)σ<(−k, ω; z′)Θ(n− j) +
E(n)σ<(k, ω; z)
D
n/j
σ,−
Eσ>j (−k, ω; z′)Θ(j − n)
]
, z in layern 6= j
where ξs = −1, ξp = 1, and Θ(z) is the usual unit step
function, and
E(j)σ>(k, ω; z) = e(j)σ,+(q)e−βj(z−dj) + rσj+e(j)σ,−(k)eβj(z−dj),
(23a)
E(j)σ<(k, ω; z) = e(j)σ,−(k)eβjz + rσj−e(j)σ,+ + (k)e−βjz. (23b)
Here σ stands for s− or p-polarization, and e(j)s,± = (kˆ×zˆ)
and e
(j)
p,± =
−1
kj
(|k|zˆ ± βj kˆ) are the polarization vectors
for s- and p-polarized waves propagating in the positive-
/negative-z direction, with kj ≡
√
ω2εj(ω)/c2 = k
′
j+ik
′′
j
and
βj(k, ω) =
√
εj(ω)ω2/c2 − k2 = β′j + iβ′′j (24)
is the normal component of the wave vector in layer
j’th and k the in-plane wave vector. Other quantities
in Eqs. (22) that still need to be defined are
Djσ = 1− r(j)σ,−r(j)σ,+e−2βjlj , (25a)
D
n/j
σ,± = 1− r(n)σ,±rn∓1/jσ e−2βnln , (25b)
where r
(j)
σ,− and r
(j)
σ,+ are the Fresnel coefficients for reflec-
tion at the left/right boundary of layer j. In addition,
t
n/j
σ and r
n/j
σ are the transmission and reflection coeffi-
cients between the layers n and j.
The Green function (22) is hereby defined, but not yet
automatically well-defined: it is a known issue that the
normal component of the wave vector Eq. (24) for active
multilayer media is not automatically well defined even if
the refractive index is well-defined: although the refrac-
tive index has no branch points in the upper half-plane
because of causality, βj(k, ω) may have branch points
there [61]. If so, then βj(q, ω) looses its usual physical
interpretation as the propagation constant in the normal
direction, since waves propagating perpendicularly to the
6z-axis propagate an infinite distance, and therefore pick
up an infinite amount of gain, before arriving at any other
plane z = const. This instability could be eliminated by
limiting the extent of the active medium in the trans-
verse direction. We will follow instead Refs. [61–63] and
only consider active media without branch points where
βj(ω) is meaningful for real frequencies. In that case the
signs of β′j and β
′′
j are identical to those of Re[εj(ω)] and
Im[εj(ω)], respectively (see Refs. [61–63]).
We will now use this Green tensor (22) to write the
electric-field operator (19) in terms of creation and anni-
hilation operators for which we will then identify input-
output relations. Expressed in the same mixed Fourier
representation as for the Green function, the electric-field
operator becomes
E(j)(x, t) =
1
(2π)3/2
∫
d2k
∫
dω
[
ei(k·ρ−ωt)E(j)(z,k, ω)
+h.c.], (26)
where the electric-field component
E(j)(z,k, ω) =
∑
σ=p,s
[
E
(j)
σ,+(z,k, ω)e
(j)
σ,+(k)
+E
(j)
σ,−(z,k, ω)e
(j)
σ,−(k)
]
, (27)
is associated with light propagation both to the right (+)
and left (−). These ‘amplitudes’ E(j)σ,±(z,k, ω) associated
with right-and left propagation inside the jth layer can
be written in terms of amplitude operators a
(j)
σ,±(z,k, ω)
as
E
(j)
σ,±(z,k, ω) =
iω
βj c
√
~β′j
2ε0
e±iβ
′
jz a
(j)
σ,±(z,k, ω), (28)
where the z-dependence of the amplitude operators
a
(j)
σ,±(z,k, ω) is governed by quantum Langevin equations
∂a
(j)
σ,±(z,k, ω)
∂z
= ∓β′′j a(j)σ,±(z,k, ω) (29)
±
√
2|β′′j |
i
e∓iβ
′
jz f
(j)
σ,±(z,k, ω),
so that the operators a
(j)
σ,±(z,k, ω) and a
(j)
σ,±(z
′,k, ω) for
different space points within the same jth layer are re-
lated as
a
(j)
σ,±(z,k, ω) = e
∓β′′j (z−z
′)a
(j)
σ,±(z
′,k, ω) ±
√
2|β′′j |
i
e∓β
′′
j z
×
∫ z
z′
dz′′ e∓iβ
′
jz
′′
f
(j)
σ,±(z
′′,k, ω). (30)
Here the f
(j)
σ,±(±z′,k, ω) = f (j)(±z′,k, ω) · e(j)σ,±(k) are
bosonic field operators that play the role of fundamental
variables of the electromagnetic field and medium, and
f (j)(±z′,k, ω) is the partial Fourier transform of f(x, ω)
in layer j of Eq. (19). They satisfy the commutation
relations
[
f
(j)
σ,±(z,k, ω), f
(j′) †
σ′,± (z
′,k′, ω′)
]
= ̺
(j)
σ,+ sgn[εI j(ω)] δjj′δσσ′
×δ(z − z′)δ(ω − ω′)δ(k − k′), (31a)[
f
(j)
σ,±(z,k, ω), f
(j′) †
σ′,∓ (z
′,k′, ω′)
]
= ̺
(j)
σ,− sgn[εI j(ω)] δjj′δσσ′
×δ(z − z′)δ(ω − ω′)δ(k − k′), (31b)
Here, the coefficient ρ
(j)
σ,± is defined to be equal to unity
for s-polarization (i.e. for σ = s), while it is equal to (k2±
|βj |2)/|kj |2 for σ = p. Notice that the plus and minus
subscripts in this coefficient ρ
(j)
σ,± do not correspond to
a propagation direction, but rather to two identical (+)
and opposite (-) propagation directions.
Combining Eqs. (26) and (27) together with Eqs. (28)
and (30), the electric-field operator for the jth layer may
be represented in a convenient form as
E(j)(x, t) =
1
2π
∑
σ
∫
d2k
∫ ∞
0
dω

−iω
2βjc
√
~β′j
πε0
ei(k·ρ−ωt)
×
(
eiβ
′
jz a
(j)
σ,+(z,k, ω)e
(j)
σ,+(k)
+ e−iβ
′
jz a
(j)
σ,−(z,k, ω)e
(j)
σ,−(k)
)
+h.c.
]
, (32)
where the properties of the amplitude operators have now
been established. It is worth mentioning that an ordinary
normal-mode expansion for the electric-field operator is
recovered from this equation for frequencies ω far from
the resonances of the medium: when gain and loss may
be disregarded, i.e. in the limit εI j(ω)→ 0, the operators
a
(j)
σ,±(z,k, ω) become mode operators independent of z.
These equations (26)- (32) will make it possible to cal-
culate the input and output fields at any position outside
the multilayer medium recursively, without explicitly ap-
plying the multilayer Green function (22). We derive this
recursive procedure in three steps: first, within each layer
j we relate the amplitude operators on the extreme left
and right to each other, i.e. at the positions z = zj−1 and
at z = zj . Second, we relate the operators in neighbor-
ing layers across an interface. Third, by making repeated
use of the previous two steps, we can relate the ampli-
tude operators a
(1)
σ,−(z,k, ω) and a
(N+1)
σ,+ (z,k, ω) for the
outgoing fields to the left and right of the multilayered,
respectively, to the operators of the corresponding incom-
ing fields, a
(1)
σ,+(z,k, ω) and a
(N+1)
σ,− (z,k, ω), and the noise
operators. We discuss these three steps in some more
detail below.
Step 1.— The first step is readily found by realizing
7that Eq. (30) for z = zj can be written in matrix form as
 a
(j)
σ,+(zj ,k, ω)
a
(j)
σ,−(zj ,k, ω)

 = R(j )σ

 a
(j)
σ,+(zj−1,k, ω)
a
(j)
σ,−(zj−1,k, ω)


+

 c
(j)
σ,+(k, ω)
c
(j)
σ,−(k, ω)

 (33)
where R
(j )
σ is a diagonal 2 × 2 matrix with R(j )σ,11 =
1/R
(j )
σ,22 = e
−β′′j lj . The quantum noise operators in this
matrix equation (33) are given by
c
(j)
σ,±(k, ω) = ±
√
2|β′′j |
i
e∓β
′′
j zj
×
∫ zj
zj−1
dz′ e∓iβ
′
jz
′
f
(j)
σ,±(z
′,k, ω), (34)
and evidently these inhomogeneous terms in the matrix
relation (33) are the qualitative novelty as compared to
the standard transfer-matrix analysis of multilayer media
in classical electrodynamics. Recalling the commutation
relations (31), the operators c
(j)
σ,±(k, ω) are found to sat-
isfy the commutation relations[
c
(j)
σ,±(k, ω), c
(j) †
σ′,±(k
′, ω′)
]
= 2 ρ
(j)
σ,+ e
∓β′′j lj sinh(β′′j lj) δσσ′
×δ(ω − ω′)δ2(k− k′), (35a)[
c
(j)
σ,±(k, ω), c
(j) †
σ′,∓(k
′, ω′)
]
= −2β
′′
j
β′j
ρ
(j)
σ,− e
∓iβ′j(zj+zj−1)
× sin(β′j lj) δσσ′δ(ω − ω′)δ2(k− k′). (35b)
Step 2.— In the second step, we relate the operators
a
(j+1)
σ,± (zj,k, ω) and a
(j)
σ,±(zj ,k, ω) in neighboring layers
across the interface at zj to each other by using the form
Eq. (22c) for the Green function G(k, z, z′, ω) for posi-
tions z, z′ in neighboring layers. This Green function
already by construction respects the Maxwell boundary
conditions that the tangential components of the elec-
tric and magnetic fields be continuous. We obtain the
operator matrix relation

 a
(j+1)
σ,+ (zj,k, ω)
a
(j+1)
σ,− (zj,k, ω)

 = S(j)q

 a
(j)
σ,+(zj ,k, ω)
a
(j)
σ,−(zj ,k, ω)

 , (36)
which also holds for classical amplitudes and where the
matrix S
(j)
σ is given by
S(j)σ =
1
2βj
√
β′j
β′j+1

 (βj+1κσ,j/j+1 + βjκσ,j+1/j)ei(β
′
j−β
′
j+1)zj (βj+1κσ,j/j+1 − βjκσ,j+1/j)e−i(β
′
j+β
′
j+1)zj
(βj+1κσ,j/j+1 − βjκσ,j+1/j)ei(β
′
j+β
′
j+1)zj (βj+1κσ,j/j+1 + βjκσ,j+1/j)e
−i(β′j−β
′
j+1)zj

 , (37)
in which κs,j/j+1 = 1 and κp,j/j+1 = kj/kj−1.
Step 3.— In the third, final step, we invoke Eqs. (33)
and (36) alternatingly and repeatedly, until we finally
obtain the operator of the outgoing fields to the left-
most and rightmost layers, respectively, a
(1)
σ,−(z1,k, ω)
and a
(N+1)
σ,+ (zN,k, ω), in terms of the two incoming fields
a
(1)
σ,+(z1,k, ω) and a
(N+1)
σ,− (zN,k, ω), as well as the noise
fields. The sought input-output relation for amplitude
operators is thereby obtained as

 a
(1)
σ,−(z1)
a
(N+1)
σ,+ (zN)

 = Aσ

 a
(1)
σ,+(z1)
a
(N+1)
σ,− (zN)

+

 Fσ,−
Fσ,+

 ,
(38)
where we suppressed the (k, ω)-dependence, and where
the quantum noise originating from all layers with either
loss or gain is given by
 Fσ,−
Fσ,+

 = B(2)σ

 c
(2)
σ,+
c
(2)
σ,−

+ · · ·+B(N)σ

 c
(N)
σ,+
c
(N)
σ,−

 , (39)
in which the coefficient matrices Aσ and Bσ are given by
Aσ = A−1σ 22
( −Aσ21 1
Aσ11 Aσ22 −Aq12 Aσ21 Aσ12
)
, (40a)
B(j )σ = A−1σ 22 (40b)
×
(
−B(j )σ21 −B(j )σ22
B
(j )
σ11Aσ22 −Aσ12 B(j )σ21 B(j )σ12 Aσ22 −Aσ12 B(j )σ22
)
.
8Here, the matrices B
(j )
σ satisfy the recursion relations
B
(k−1 )
σ = B
(k )
σ · R(k )σ · S(k−1 )σ and B(N )σ = S(N )σ , with
k = 3, 4, . . . , N , and Aσ = B
(2 )
σ ·R(2 )σ ·S(1 )σ . From Eq. (38)
we can appreciate that the multiple transmissions and
reflections in the multilayer medium of the incident light
are described by the same transfer matrices Aσ as in
classical optics, whereas the matrix elements B(j )σ have no
classical analogues, since they describe the propagation
of quantum noise that originates from layer j.
Input and output outside the multilayer.— In this ar-
ticle we will mostly focus on the transmitted and re-
flected output states of light as compared to the op-
tical input states. Let us therefore specify how from
the above general formalism the field operators outside
of the multilayer structure are obtained. The ampli-
tude operators of the incoming fields a
(1)
σ,+(z,k, ω) and
a
(N+1)
σ,− (z,k, ω) in Eq. (38) are defined within the space
intervals −∞ < z ≤ z1 and zN+1 ≤ z <∞, respectively,
see the sketch in Fig. 1. The explicit form of these input
operators can be obtained with the use of Eq. (30) as
a
(1)
σ,+(z,k, ω) =
1
i
√
2|β′′1 | e−β
′′
1 z (41a)
×
∫ z
−∞
dz′ e−iβ1z
′
f
(1)
σ,+(z
′,k, ω),
a
(N+1)
σ,− (z,k, ω) =
1
i
√
2|β′′N+1| eβ
′′
N+1z (41b)
×
∫ ∞
z
dz′ eiβN+1z
′
f
(N+1)
σ,− (z
′,k, ω).
Using the above relations (41) and the commutation re-
lation (31), we find that the input operators satisfy the
commutation relations[
a
(1)
σ,+(z,k, ω), a
(1) †
σ′,+(z
′,k′, ω′)
]
= ̺
(1)
σ,+ e
−β′′|z−z′|
×sgn[εI 1(ω)] δσσ′δ(ω − ω′)δ(k− k′),(42a)
and an analogous relation holds for the operators in the
other outer layer labeled N + 1 on the opposite size of
the metamaterial. It also follows that input operators of
different outer layers commute,[
a
(1)
σ,+(z,k, ω), a
(N+1) †
σ′,− (z
′,k′, ω′)
]
= 0, (42b)
as one would expect for these independent input chan-
nels.
The commutation relations for the output amplitude
operators a
(1)
σ,−(z,k, ω) and a
(N+1)
σ,+ (z,k, ω) can also be de-
termined. We do not spell them out here, but they can
be derived by applying the input-output relation (38)
and the commutation relation (42a). Indeed, the input-
output relation (38) together with the commutation re-
lations (42a)–(42b), contain all information necessary to
transform an arbitrary function of the input-field oper-
ators into the corresponding function of the output-field
operators. In particular, it enables one to express arbi-
trary moments and correlations of the outgoing fields in
terms of those of the incoming fields and the quantum-
noise excitations in the multilayers. For normal incidence
(k = 0), this general input-output relation reduces to the
well-known relation given in [52], which we also made
use of in our Ref. 45. The somewhat lengthy equations
for general multilayers of the present section reduce to a
much simpler form when specified for a single layer, as
will be done below in Sec. IV.
IV. QUANTUM OPTICAL EFFECTIVE-INDEX
THEORY
In Sec. III we presented an input-output formalism for
the electromagnetic field operators in arbitrary layered
media with gain and loss, including quantum noise terms.
So in principle, the problem is solved how output fields
depend on the input, also for layered metamaterials: pe-
riodic multilayer media with unit cells much smaller than
optical wavelengths. However, for these layered metama-
terials one can hope that a simpler, effective description
as a homogeneous medium is also possible, here in quan-
tum optics just like it is known to be possible in classical
optics.
Expressing quantum noise in terms of the effective in-
dex presupposes that we know how to determine the ef-
fective material parameters of a metamaterial. This has
been thoroughly studied (and still is an active field of
study) in classical optics [10–14, 16, 17]. The effective
index in quantum optics is the same as in classical optics
and can be determined using the same methods. We will
use and compare two such methods. First, the scatter-
ing method by Smith and co-workers [10, 11, 17] boils
down to finding the effective index of a homogeneous
medium that mimicks best the transmission and reflec-
tion off the metmaterial. Second, we use the dispersion
method, where effective parameters are obtained from
the small-(k, ω) Taylor expansion of the known dispersion
relation of periodic multilayer structures. For complete-
ness we briefly present both methods in Appendix A. We
will focus on metamaterials with strongly subwavelength
unit cells, for which unique effective parameters can be
identified, practically independent of the method used to
obtain them.
In this section we present a quantum optical effective-
index theory. By this we mean an effective-medium the-
ory that describes the metamaterial entirely in terms of
its effective index (or equivalently, in terms of its effective
dielectric function). In that sense it does not differ from
the usual effective theory in classical optics. But it differs
from the usual effective-index theories in classical optics
because quantum noise is also described. The crucial
assumption is that also the quantum noise of the meta-
material can be described solely in terms of its effective
dielectric function. The effective-index theory presented
in this section concerns three-dimensional light propaga-
tion in layered metamaterials, thereby generalizing the
effective-index theory of Ref. [45] to arbitrary propaga-
9tion directions and for two distinct types of polarization.
The accuracy of the effective-index theory will first be
tested in calculations of output intensities in Sec. V.
Output operators of a single homogeneous layer.— As-
sume that we have used either the scattering or the dis-
persion method to determine the values for the effective
dielectric tensor components for our multilayer structure.
And assume that in classical optics the entire structure
can effectively be described as a single dielectric layer.
Then we can also try and apply the elaborate quantum
optical input-output formalism of Sec. III to that sin-
gle effective layer. With the two planar interfaces of the
homogenized slab located at z1 = 0 and zN = L, the
input-output relation (38) for the single effective layer
reduces to the simpler form
 a
(1)
σ,−(z1,k, ω)
a
(N+1)
σ,+ (zN,k, ω)

 = Aeff, σ

 a
(1)
σ,+(z1,k, ω)
a
(N+1)
σ,− (zN,k, ω)


+

 Feff σ,−(k, ω)
Feff σ,+(k, ω)

 , (43)
where according to Eq. (40a), the matrix presentation
Aeff, σ is equal to

 reff, σ teff, σ
teff, σ e
−2iβ0d reff, σ

 , (44)
and where the effective complex reflection and transmis-
sion amplitudes of the homogenized slab are given by the
well-known classical expressions
reff, σ =
(β2eff,σ − β20) (exp [2iβeffL]− 1)
(βeff,σ + β0)2 − (βeff,σ − β0)2 exp [2iβeffL] (45a)
teff, σ =
4βeff,σβ0 exp [i(βeff − β0)L]
(βeff + β0,σ)2 − (βeff,σ − β0)2 exp [2iβeffL] .(45b)
Here, βeff,σ stands for βeff,s = βeff and βeff,p = βeff/εeff .
The effective noise operator Feff, σ has no classical ana-
logue. It represents the quantum noise associated with
loss and gain and combinations thereof inside this effec-
tive medium, and in the present effective-index theory its
right- (+) and left-going (–) components are given by
Feff, σ−(k, ω) =
−2iβ0
√
2β′eff,σβ
′′
eff/β
′
0
(βeff,σ + β0)2 − (βeff,σ − β0)2 exp [2iβeffL]
(
(βeff,σ − β0)e2iβeffd
∫ L
0
dz′e−iβeffz
′
feff σ,+(z
′,k, ω)
+ (βeff,σ + β0)
∫ L
0
dz′eiβeffωz
′
feff σ,−(z
′,k, ω)
)
, (46a)
Feff, σ+(k, ω) =
−2iβ0
√
2β′eff,σβ
′′
eff/β
′
0 exp [i(βeff − β0)L]
(βeff,σ + β0)2 − (βeff,σ − β0)2 exp [2iβeffL]
(
(βeff,σ + β0)
∫ L
0
dz′e−iβeffz
′
feff σ,+(z
′,k, ω)
+ (βeff,σ − β0)
∫ L
0
dz′eiβeffωz
′
feff σ,−(z
′,k, ω)
)
, (46b)
with the commutation relations
[Feff σ,±(k, ω), F
†
eff σ′,±(k
′, ω′)] = (47a)
(1 − |reff, σ|2 − |teff, σ|2) δσ σ′δ(k− k′)δ(ω − ω′),
[Feff σ,±(k, ω), F
†
eff σ′,∓(k
′, ω′)] = (47b)
− (reff, σt∗eff, σ + e2iβ0d r∗eff, σteff, σ) δσ σ′δ(k− k′)δ(ω − ω′),
in terms of the classical amplitude reflection and trans-
mission amplitudes of Eq. (45). Furthermore, just like for
the general multilayer in Sec. III, the optical input opera-
tors of the effective slab satisfy the bosonic commutation
relations
[a
(1)
σ,+(k, ω), a
(1) †
σ′,+(k
′, ω′)] = [a
(N+1)
σ,− (k, ω), a
(N+1) †
σ′,− (k
′, ω′)]
= δσ σ′δ(k − k′)δ(ω − ω′), (48)
since the input operators in free space incident on the slab
cannot sense the presence of the effective slab before these
input waves arrive at it. It was therefore to be expected
(and a consistency test) that the input operators turned
out to have the same commutators as the corresponding
quantum operators in free space.
Using the previous two commutation relations and the
input-output relations (43), the bosonic commutation re-
lations for the output-mode operators a
(1)
σ,− and a
(N+1)
σ,+
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can then also be obtained,
[a
(1)
σ,−(k, ω), a
(1) †
σ′,−(k
′, ω′)] = [a
(N+1)
σ,+ (k, ω), a
(N+1) †
σ′,+ (k
′, ω′)]
= δσ σ′δ(k − k′)δ(ω − ω′). (49)
The quantum optical effective-index theory for planar
metamaterials is hereby defined. Based on these expres-
sions for the effective output operators and their commu-
tators, we will in Sec. V compare predictions for physi-
cal observables using the quantum optical effective-index
theory as compared to the full multilayer quantum theory
of the previous section.
V. FIRST TEST: POWER SPECTRA
As a first test and comparison of the quantum optical
effective-index theory, we will now study the output in-
tensities of light due to spontaneously emitted photons.
If atoms that make up the metamaterial are excited, ei-
ther thermally or because of external pumping, then they
can decay spontaneously. This is a known noise source
in lasers, which is typically overlooked for metamaterials.
There is a variety of different quantum definitions of the
power spectrum in the literature [64]. Here we choose the
quantum generalization of the classical definition of the
energy spectrum for the case of a stationary field [64].
Just like its classical counterpart, it is directly related
to observables in light detection experiments. For suffi-
ciently small pass-band width of the spectral apparatus,
the power spectrum S (x, ω) of the light emitted on the
right-hand side of our multilayer metamaterial of Fig. 1
is given by
S (x, ω) = lim
T→∞
1
2πT
∫∫ T/2
−T/2
dtdt′ e−iω(t−t
′)〈E(N+1)−(x, t) · E(N+1)+(x, t′)〉, (50)
where ω is the operating frequency of the spectral ap-
paratus, and T is the duration the detector is switched
on. Here, the positive-frequency part of the electric field
operator EN+1(+) can now be determined with the help
of Eq. (27). As usual the negative-frequency part of the
field is obtained by taking the Hermitian conjugate of
Eq. (28). We will also need the input-output relation (38)
to express the annihilation and creation operators of the
outgoing field on the right-hand side of the multilayer in
terms of the operators of the ingoing fields and of the
quantum noise. The power spectrum (50) can then be
written as
S (z, ω) =
~ω2
2 ε0 c2
∑
σ
∫
dkβ−10
{
〈a(N+1) †σ,− (z,k, ω) a(N+1)σ,− (z,k, ω)〉
(
|Aσ,22|2 + e−2iβ0zA∗σ,22 ̺(N+1)σ,−
+e2iβ0zAσ,22 ̺(N+1)− + 1
)
+〈a(N+1) †σ,− (z,k, ω) a(1)σ,+(z,k, ω)〉
(
Aσ,21A∗σ,22 + e2iβ0zAσ,21 ̺(N+1)σ−
)
+〈a(1) †σ,+ (z,k, ω) a(N+1)σ,− (z,k, ω)〉
(
A∗σ,21Aσ,22 + e−2iβ0zA∗σ,21 ̺(N+1)σ−
)
+〈a(1) †σ,+ (z,k, ω) a(1)σ,+(z,k, ω)〉 |Aσ,21|2
}
+ SSpon(ω), (51)
where the parameters ̺
(N+1)
σ− equal to unity and
(2k2 c2/ω2 − 1) for s-and p-polarized light, respectively,
so they coincide for normal incidence as they should. Ex-
pectation values are denoted by brackets. Thanks to the
input-output theory, the brackets occur around products
of input operators and all expectation values are taken
with respect to both the states of the incoming optical
fields and the states of the noise fields within all medium
layers. All terms except the last one on the right-hand
side of Eq. (51) describe output photons caused by (mul-
tiple) reflections and transmissions of input photons. The
final term SSpon(x, ω) on the other hand is independent
of the optical input signal, and is determined by the quan-
tum noise in the medium, especially by the properties of
the noise operators defined in Eq. (39), as detailed be-
low. Physically, thermal excitations in passive layers and
especially pumped excitations in amplifying layers give
rise to spontaneously emitted noise photons.
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We want to know how well quantum optical effective-
medium theories describe the amount of quantum noise
photons that contribute to photon-counting measure-
ments. In this section we will therefore study output
intensities in the absence of any optical input signal, in
other words all optical incoming fields are assumed to be
in the vacuum state |0〉. In that simple case all terms
except the last one in Eq. (51) vanish identically and all
output photons are spontaneously emitted noise photons,
or S (x, ω) = SSpon(x, ω). We will now use our input-
output formalism once more, this time to express the
spontaneously emitted light in terms of the noise sources
in the multilayer medium. In particular, using the matrix
form (40b) of the factors B(j ), the power spectrum (51)
becomes
SSpon(ω) =
∑
σ
∫ pi/2
0
dθSSpon,σ(θ, ω) (52)
=
~ω2
8π2ε0c2
∑
σ
∫
dkβ−10 〈F †σ,+(k, ω)Fσ,+(k, ω)〉
from which it is clear that indeed the power spec-
trum of the spontaneously emitted light depends on
the quantum noise through the expectation value of
〈F †σ,+(k, ω)Fσ,+(k, ω)〉. Exact multilayer theory, in par-
ticular Eqs. (34) and (39), then gives the following exact
long expression for the flux of noise photons emitted from
the loss-compensated multilayer
〈F †σ,+(k, ω) Fσ′,+(k′, ω′)〉exact = 2
N∑
j=2
{
ρ
(j)
σ,+ sinh(β
′′
j lj)sgn[εI j(ω)]
(
|B(j)σ 21|2e−β
′′
j lj + |B(j)σ 22|2eβ
′′
j lj
)
−|β
′′
j |
β′j
ρ
(j)
σ,− sin(β
′
j lj)
(
B(j) ∗σ 21B(j)σ 22eiβ
′
j(zj+zj−1) + B(j)σ 21B(j) ∗σ 22 e−iβ
′
j(zj+zj−1)
)}
× (Nth(ω, T )Θ[εI j(ω)] + (Nth(ω, |T |) + 1)Θ[−εI j(ω)]) δσσ′δ(ω − ω′)δ(k− k′). (53)
While this formula is valid for all temperatures, in
the following we will mostly consider power spectra at
zero temperature. Passive media do not emit ther-
mal photons in that case, but amplifying layers have
population inversion and their excited-state population
can decay spontaneously. In our numerical examples,
we will look at the polarization-and angle-dependent
power spectrum SSpon,σ(θ, ω) that was defined in terms
of 〈F †σ,+(k, ω) Fσ′,+(k′, ω′)〉 in the second equality of
Eq. (52), and where we assumed that only propagating
modes reach the detector and thus restricted the Fourier
integral to modes with |k| > ω/c. For definiteness, for
loss-compensated metamaterials at zero temperature the
angle-dependent power spectrum is given by
SSpon,σ(θ, ω) =
−~ω3 sin θ
2πε0c3
N
2
−1∑
j=1
{
̺
(2j+1)
σ,+ sinh(β
′′
2j+1dg)
(
|B(2j+1)σ 21 |2e−β
′′
2j+1dg + |B(2j+1)σ 22 |2eβ
′′
2j+1dg
)
+̺
(2j+1)
σ,−
|β′′2j+1|
β′2j+1
sin(β′2j+1dg)
(
B(2j+1) ∗σ 21 B(2j+1)σ 22 eiβ
′
2j+1(z2j+1+z2j)
+ B(2j+1)σ 21 B(2j+1) ∗σ 22 e−iβ
′
2j+1(z2j+1+z2j)
)}
. (54)
This formula predicts the output intensity of light by
summing up all processes by which photons are spon-
taneously generated in the amplifying layers and, after
reflections and transmissions, with some probability end
up in the output channel of our interest.
What corresponding power spectrum does the quan-
tum optical effective-index theory of Sec. IV predict?
From the definitions (46) together with the commuta-
tion relation (47), the flux of noise photons emitted by
the multilayer slab at a finite temperature T can within
the effective-index theory be expressed in terms of the
effective reflection and transmission amplitudes as
〈F †eff σ,±(k, ω)Feff σ′,±(k′, ω′)〉QOEI ={
Nth(ω, T )Θ[εI eff(ω)]−
(
Nth(ω, |T |) + 1
)
Θ[−εI eff(ω)]
}
×(1− |reff, σ|2 − |teff, σ|2)δσ σ′δ(k− k′)δ(ω − ω′). (55)
Here kB is the Boltzmann constant and T is temperature,
and Nth = 1/(exp[~ω/kBT ]− 1) is the thermal distribu-
tion of photon states at energy ~ω. Notice that this flux
of noise photons in Eq. (55) is always a non-negative
quantity (as it should be): for media that are effectively
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FIG. 2. Power spectrum (54) of spontaneous emission of noise photons exiting a loss-compensated multilayer metamaterial
at an angle of 30 degrees away from the normal, in units of S0 = ~ω
3
0/4πε0c
3, due to spontaneous emission of noise photons
within the loss-compensated multilayer metamaterial of Fig. 6, at zero temperature. Left and right panels correspond to s-
and p-polarized light, respectively. The amplifying and absorbing layers are described by the Lorentz model [Eq. (56)], with
parameters ωpa/ω0 = 0.3, γa/ω0 = 0.1 for the lossy layers, and ωpb/ω0 = 0.25, γb/ω0 = 0.15 for the layers with gain. We choose
da,bω0/c = 0.1 and five unit cells. The parts (a) and (d) show the imaginary part of the normal wave-vector component βeff .
In panels (b) and (e), the power spectrum of the noise photons predicted with the effective-index theories is compared to the
exact multilayer calculation and the QOEM theory. For the effective-index theories, red dotted curves are obtained by inserting
effective parameters based on Eq. (A1) into Eq. (54); the green dash-dotted lines correspond to the other procedure Eq. (A3)
to obtain effective parameters. Similarly, for QOEM theory (discussed in Sec. VI) the magenta dashed lines are produced with
Eq. (A1), and the yellow dash-dotted curves with Eq. (A3). Panels (c) and (f) show the effective noise current densities Neff
of Eq. (59), in solid orange lines as obtained using the effective index of Eq. (A1) and in dash-dotted blue curves as produced
with the other procedure [Eq. (A3)] to obtain the effective index.
absorbing at frequency ω, the εI eff(ω) is positive and
so is (1 − |reff, σ|2 − |teff, σ|2), while for effectively am-
plifying media, both these quantities are negative. The
form of the power spectrum of the spontaneously emit-
ted light (52) within the effective-index theory is now ob-
tained by substituting Eqs. (55) and (45) into Eq. (52).
To be specific, unless stated explicitly, below in our nu-
merical examples we will assume the temperature to be
zero Kelvin. Furthermore, we will assume that lossy and
amplifying layers can be described by Lorentzian dielec-
tric functions. A medium consisting of two-level atoms
with a population Nup in the upper level and Ndown in
the lower level can near its resonance frequency ω0 be
described by an electric permittivity of the Lorentzian
form [55]
ε(ω) = 1 +
(
Ndown −Nup
Ndown +Nup
)
ω2p
ω20 − ω2 − iγω
. (56)
where ωp is the coupling frequency, ω0 is the transverse
resonance frequency, and γ is the dissipation and am-
plification parameters for lossy and amplifying layers,
respectively. The population factor that occurs in the
dielectric function (56) is positive for passive systems,
Ndown > Nup, but negative for optical gain that arises
from population inversion in the medium, Nup > Ndown.
In addition, this factor can be written in term of the
thermal distribution Nth as (2Nth(ω, T ) + 1)
−1 for lossy
and as (−2Nth(ω, |T |) − 1)−1 for amplifying layers. In
Figure 2 we explore regions with net loss and net gain
and the frequencies of exact loss compensation that sep-
arate them, and study the corresponding flux of noise
photons and the effective noise photon distribution, all
corresponding to an output angle of 30◦. Left panels
depict s- and right panels p-polarization. In Figure 3
we show the analogous results for an emission angle of
60◦. (Some panels of the two figures will be explained
below in Sec. VI.)
Exact loss compensation occurs when the imaginary
part of the normal-wave vector components βeff vanishes.
We show βeff in panels (a) and (d) of both figures, where
it is also clear that the two methods to retrieve effec-
tive parameters lead to nearly identical results. For s-
polarization, it follows from Eq. (A3) that exact loss
compensation occurs at angle-independent frequencies.
A comparison of the panels (a) of Figs. 2 and 3 illus-
trates this, where for the parameters chosen, exact loss
compensation occurs at 0.766358ω0 and 1.30487ω0, net
loss in the frequency range 0.766358 < ω/ω0 < 1.30487
and net gain at elsewhere.
By contrast, for p-polarized light exact loss compen-
sation does depend on the angle of incidence, as again
follows from Eq. (A3) and as illustrated in Figs. 2 and
3: in Fig. 2(d) exact loss compensation occurs (only) at
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FIG. 3. As in Fig. (2) but now for light emission at an angle of 60 degrees with respect to the normal.
ω = 0.928424ω0, with net gain at smaller and net loss
at higher frequencies. At sixty degrees, Fig. 3(d) shows
exact loss compensation at a slightly higher frequency.
In panels (b) for s-polarization and (e) for p-
polarization, power spectra are displayed for sponta-
neously emitted light that exits the metamaterial at an
angle of 30◦ (Fig. 2) and 60◦ (Fig. 3). Note that these
angular power spectra are continuous also across frequen-
cies of exact loss compensation.
It is known that for lossy homogeneous media at
zero temperature the flux of noise photons vanishes, so
the power spectrum of the outgoing noise photons van-
ishes. The effective-index theory predicts something else,
namely that no photons are emitted by effectively lossy
loss-compensated metamaterials. This prediction is il-
lustrated in panels (b) and (e) of Figs. 2 and 3, espe-
cially around ω0 for outgoing s-polarized light, and above
0.928424ω0 for outgoing p-polarized light. By contrast,
the full gain-loss multilayer calculation does predict the
emission of noise photons at zero temperature, as the fig-
ures show. Thus effective-index theory clearly fails for ef-
fectively lossy loss-compensated metamaterials. At exact
loss compensation (εI eff = 0), by Eq. (55) the effective-
index theory predicts that the flux of noise photons van-
ishes, which the figures show is another failure of the
effective-index theory.
For effectively amplifying loss-compensated metamate-
rials, the effective-index theory does predict a finite flux
of spontaneously emitted photons that grows with the
effective gain, as is best visible in Fig. 3(d), where for
frequencies slightly below 0.97ω0 much loss is slightly
overcompensated by much gain. Again the effective-
index theory is clearly far from accurate. Hence, for
loss-compensated metamaterials at zero temperature, we
find a clear failure of the quantum optical effective-index
theory to predict an accurate power spectrum for loss-
compensated metamaterials. A new effective theory is
needed that also accurately describes the amount of noise
photons in metamaterials.
VI. QUANTUM OPTICAL
EFFECTIVE-MEDIUM THEORY
We will now derive a quantum-optical effective medium
(QOEM) theory that does give accurate predictions for
thee-dimensional light propagation in loss-compensated
media. In contrast to the previous effective theory, it
is not an effective-index theory, because besides the ef-
fective index another effective parameter will be needed.
Our approach is to distill solely from a unit cell not only
the usual βeff, σ but also an effective noise photon dis-
tribution Neff, σ(k, ω, T ). The theory presented here is a
generalization of Ref. 45, which is valid for normal inci-
dence, to arbitrary angles of incidence.
Analogous to effective-index theory, we will again as-
sume that there is an effective noise operator in the unit
cell. However, unlike in the effective-index theory we will
not try not define this operator, but rather determine the
expectation value of its corresponding number operator.
Analogous to Eq. (55) for the effective-index theory, we
will write the expectation value
〈F †σ(k, ω)Fσ′ (k′, ω′)〉QOEM =
{
Neff, σ(k, ω, T )Θ[εunit,eff I(ω)]−
(
Neff, σ(k, ω, |T |) + 1
)
Θ[−εunit,eff I(ω)]
}
× (1− |Runit,eff, σ|2 − |Tunit,eff, σ|2) δσ σ′δ(k− k′)δ(ω − ω′), (57)
in terms of the effective noise current density Neff that we define shortly. The Runit,eff, σ and Tunit,eff, σ are the (clas-
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sical) reflection and transmission amplitudes of the entire
unit cell. If the factor (1− |Runit,eff, σ|2− |Tunit,eff, σ|2) is
positive then it quantifies the amount of net absorption
in the unit cell, otherwise it quantifies the net amount
of amplification. The difference with Eq. (55) for the
effective-index theory that featured thermal distributions
Nth is thus that here instead we defined an effective dis-
tribution that in general is not a thermal one.
We fix 〈F †F 〉QOEM of Eq. (57) and thereby Neff in
three steps. First, we apply our general input-output
theory of Sec. III to a single unit cell of the metama-
terial. Second, we require that the expectation value
〈F †F 〉QOEM coincides with the corresponding unit-cell-
averaged noise expectation value of the general multi-
layer theory. Third, we make use of our assumption that
the unit cell of the metamaterial is much thinner than
an optical wavelength, so we can Taylor expand the re-
sults from multilayer theory to first order in the layer
thicknesses da,b and obtain
〈F †σ(k, ω)Fσ′ (k′, ω′)〉QOEM =
∑
j=a,b
dj |εj,I |ω2Kj,σ(θ)
c2β0
×Nth(ω, |Tj|) δσ σ′δ(k − k′)δ(ω − ω′), (58)
where Kj,s(θ) = 1 and Kj,p(θ) = (sin2 θ +
|εj |2cos2 θ)/|εj|2. Now we have two expressions for
〈F †F 〉QOEM, namely Eqs. (57) and (58). By equating
these two, Taylor approximating also the net gain or
loss factor
(
1− |Runit,eff, σ|2 − |Tunit,eff, σ|2
)
of Eq. (57)
to first order in the unit cell thickness d = da + db, and
solving for Neff, σ(k, ω), we obtain as a main result this
effective noise photon distribution
Neff, σ =


∑
j=a,b ηj,σ[Nth(ω, Tj)]
−1 +∑j=a,b ηj,σ[Nth(ω, |Tj |) + 1]
− 12 + 12
∑
j=l,g ηj,σ[2Nth(ω, |Tj|) + 1]
(59)
which correspond, from top to bottom, to loss-loss, gain-
gain, and loss-compensated metamaterials. This effective
noise photon density thus depends on the same variables
as the classical effective parameter βeff : on the angle of
incidence, on the polarization of the input state, as well
as on the dielectric parameters of the unit cell via
ηj,σ(θ) = pj
Kj,σ(θ)
Keff,σ(θ)
∣∣∣∣ εj, I(ω)εeff ,I(ω)
∣∣∣∣ , (60)
where the pj = dj/d are the volume fractions of the layers
and Keff,σ(θ) equals Kj,σ(θ) with εj replaced by εeff . We
allowed the two types of layers of the unit cell to be at
different temperatures. Generalizations to more than two
layers are straighforward.
Let us first apply this QOEM theory to loss-
compensated metamaterials. In panels (b) and (e) of
Figs. 2 and 3 we showed power spectra, and found that
the exact multilayer theory predicts quite a lot more
noise photons than the effective-index theory did. By
contrast, the curves of QOEM theory almost coincide
with the exact multilayer result in all these panels. This
illustrates that we have an accurate quantum optical
effective-medium theory for three-dimensional light prop-
agation in multilayer metamaterials, both for s- and p-
polarized light.
What do we know about the new effective parameter,
the effective noise photon distribution? To gain some
intuition, notice that from Eqs. (59) and (60) it follows
that Neff grows when loss in the metamaterial is more
exactly compensated by gain [smaller εeff ,I(ω)] or when
the same value εeff ,I(ω) results from compensating more
loss by more gain (i.e. with |εa, I(ω)|) and |εa, I(ω)|) both
larger). This is illustrated in panels (c) and (f) of Figs. 2
and 3, where we see that Neff even diverges at exact loss
compensation, but in such a way as to keep the power
spectra at those frequencies continuous. This means that
for metamaterials with more effective loss compensation,
it becomes increasingly important to use Neff as an addi-
tional effective-medium parameter instead of Nth. These
results illustrate that we have successfully generalized the
one-dimensional QOEM theory of our Ref. 45 to light
propagation in three dimensions.
Let us now show that our new QOEM theory indeed
reduces to the one of Ref. 45 in case of light propa-
gation perpendicular to the interface, i.e. for k = 0.
In that case, the parameter Kj,σ(θ) in Eq. (58) tends
to unity for both polarizations. This in turn implies
that the parameter ηj,σ(θ) defined in Eq. (60) tends to
pj |εj, I(ω)/εeff ,I(ω)|. This indeed agrees with Ref. 45,
where we showed that the quantum optical effective-
medium theory with Neff for normal incidence gave ac-
curate predictions for loss-compensated, loss-loss as well
as gain-gain metamaterials.
Do we also need the QOEM theory for loss-loss or gain-
gain metamaterials? If the two layers within the unit cell
are somehow kept at different temperatures, then we do,
but this is not easy to realize. But if the entire unit cell is
kept at the same temperature, then for light propagation
normal to the layers we found in Ref. 45 that QOEM the-
ory reduces to the quantum optical effective-index theory,
i.e. Neff becomes equal to the thermal noise photon dis-
tribution Nth. Is this also true in three dimensions? Let
us consider s-polarized light first, for loss-loss and gain-
gain metamaterials at a uniform temperature (Ta = Tb).
This means technically that the thermal distributions in
Eq. (59) can be moved in front of the summation, and the
remaining summation is
∑
j=a,b ηj,s(θ). Since in ηj,s(θ)
as defined in Eq. (60) the fractions Kj,s(θ)/Keff,s(θ)
are equal to unity, the sum
∑
j=a,b ηj,s(θ) becomes∑
j=a,b pj |εj, I(ω)/εeff ,I(ω)|, which is angle independent.
In Ref. 45 we also pointed out that for normal incidence
the sum
∑
j=a,b pj |εj, I(ω)/εeff ,I(ω)| adds up to unity for
loss-loss and gain-gain metamaterials (whereas the sum
is always larger than unity for loss-compensated (gain-
loss) metamaterials). So now we find that for s-polarized
light, the same relations even hold for arbitrary angles
of incidence, as illustrated by the horizontal line in Fig-
ure 4(a). This angle-independence for s-polarized light is
related to the fact that for arbitrary propagation direc-
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FIG. 4. (Color online) (a) The sum Σj=a,bηj,σ is shown as a function of the angle of incidence θ for s-polarized component of
input light impinging on the loss-loss (dotted red line) and the gain-gain (dash-dotted blue line) multilayers, and p-polarized
component of input light incident on the loss-loss (solid black line) and the gain-gain (solid green line) multilayers. (b) The sum
Σj=a,bηj,p is shown as a function of the angle of incidence θ and of the dimensionless frequency ω/ω0 for p-polarized component
of input light impinging on a gain-gain multilayer. The multilayer metamaterial with geometry of Fig. 6 has alternating layers
with equal thickness da,bω0/c = 0.1, with dielectric parameters in Eq. (56): ωpa/ω0 = 0.3, ωpb/ω0 = 0.1 and γa,b/ω0 = 0.1. In
panel (a), we choose ω/ω0 = 0.9.
tions the electric-field components are parallel to the in-
terface, just like for normal incidence. As a consequence,
we find that for s-polarized light, the effective noise pho-
ton distribution Neff,s reduces to the thermal distribution
Nth. So both for a lossy metamaterial at a homogeneous
positive temperature and for an amplifying metamaterial
at a spatially constant negative temperature, the QOEM
theory for s-polarized light reduces to the quantum opti-
cal effective-index theory.
How about p-polarized light then, does Neff also reduce
to the thermal distribution for loss-loss and gain-gain
metamaterials? For MMs kept at a uniform tempera-
ture, the thermal factor in the summation of Eq. (59)
can again be put in front, so that the summation re-
duces to
∑
j=a,b ηj,p(θ). However, for p-polarized light
the fractions Kj,p(θ)/Keff,p(θ) do not give unity, and
hence the sum
∑
j=a,b ηj,p(θ) in general does not add up
to unity. The angle dependence of this sum is illustrated
in Fig. 4(a). For small angles, the sum is larger than
unity while for large angles it is smaller than unity.
As a consequence, for p-polarized light Neff in gen-
eral does not reduce to the thermal distribution, and
consequently the QOEM theory does not reduce to the
quantum optical effective-index theory. For the parame-
ters as in Fig. 4, Neff becomes larger (smaller) than the
thermal distribution Nth for angles of incidence smaller
(larger) than 0.27π for the loss-loss metamaterial, and
for the gain-gain MM the critical angle occurs at 0.23π.
This difference between the effective and thermal distri-
butions also in metamaterials without loss compensation
is a qualitatively new finding as compared to the previous
results of Ref. 45 for one-dimensional light propagation.
Quantitatively, the deviations of Neff from a thermal
distribution are relatively small, within ten percent for
the specific dielectric parameters chosen in Fig. 4(a).
The closer the sum
∑
j ηj,p comes to unity, the closer
QOEM theory comes to the quantum optical effective-
index theory becomes. This sum is thus a measure for
the “distance” between the two theories, and it depends
on the dielectric parameters of the unit cell. Moreover,
it depends on the angle of incidence and on the fre-
quency of light how much the two theories will agree
for p-polarization. In order to illustrate both dependen-
cies, in Fig. 4(b) we depict the sum Σjηj,p as a function
of both the angle of incidence θ and of the dimension-
less frequency ω/ω0, for the same gain-gain MM as in
Fig. 4(a). For al combinations of parameters considered
in Fig. 4(b), we find that the sum has a maximal devi-
ation from unity of around 15 percent. We find similar
modest but non-negligible frequency and angle depen-
dence (not shown) for the loss-loss multilayer of Fig. 4(a).
In Figure 5 we compare power spectra for p-polarized
light exiting at an angle of 60 degrees away from the nor-
mal of the MM, computed with the exact multilayer the-
ory, with QOEM theory, and with the quantum optical
effective-index theory. The left panels are for loss-loss
MMs, the right panels for gain-gain MMs, upper pan-
els for zero temperature and lower panels for elevated
temperature. In panel (a) for the loss-loss multilayer at
zero temperature, quantum noise can be neglected, so
just like in classical optics the power spectrum of output
light vanishes identically and perfect agreement between
all curves is observed. By contrast, for the gain-gain mul-
tilayer at zero temperature in panel 5(b), the population
of the two-level medium is fully inverted and the effects
of quantum noise in the output cannot be neglected. The
power spectrum of output light appears as a peak near ω0
which is associated with the resonance frequency of the
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FIG. 5. The spontaneous-emission power spectrum of the noise photons (54), in units of S0 = ~ω
3
0/4πε0c
3, for p− polarized
light exiting the MM at 60 degrees away from the normal direction. In all four panels, the QOEM theory and the quantum
optical effective-index theory are compared to the exact multilayer calculation. For the exact multilayer calculation (solid blue
curves), the loss and gain layers are described by Lorentz model with parameters are identical to those used in Fig. 4. Left and
right panels correspond to loss-loss and gain-gain metamaterials with the geometry of Fig. 6. The loss-loss and the gain-gain
multilayer are maintained at zero temperature in panels (a) and (b), and at the elevated positive temperature T = 0.6~ω0/kB
in panel (c), and at the elevated negative temperature |T | = 0.6~ω0/kB in (d). For the effective-index theories, red dotted and
green dash-dotted curves present the numerical parameters as obtained from the scattering method (A1) and the dispersion
method (A3), respectively. For QOEM theory, magenta dashed and yellow dash-dotted lines correspond to these same classical
effective parameter retrieval methods (A1) and (A3). These effective parameters so obtained are also used to compute Neff .
dielectric functions of each layer. Away from resonance,
both effective theories agree with the exact calculation.
Near resonance there are small differences on the order
of a few percent between the exact multilayer calculation
and the two effective-medium theories. As seen in the
zoomed inset in Fig. 5(b), near the resonance the QOEM
theory is slightly more accurate than the effective-index
theories.
In panels 5(c) for loss-loss MMs at a pretty high tem-
perature and 5(d) for gain-gain MMs at a negative tem-
perature, the exact and the two effective power spectra
again agree quite well, with only on resonance a few per-
cent difference. Sufficiently far from the resonance when
absorption is small, the thermal noise becomes negligibly
small and the power spectrum of output noise photons is
approximately zero. For the gain-gain multilayer the am-
plitude of the peak in panel (d) is smaller than the one
in (b) since amplification within gain layers is reduced
by saturation effects. We checked (but do not show it
here) that these results do not depend much on the typ-
ical parameters used in Fig. 5. The overall message of
Fig. 5 is that both the QOEM theory and the quantum
optical effective-index theory are quite accurate in de-
scribing power spectra of p-polarized light of loss-loss and
gain-gain metamaterials, with the two effective theories
almost equally accurate. So one can use either Neff or
Nth as the noise photon distribution in Eq. (55).
To summarize our findings from this section, we com-
pared for the first time power spectra of metamaterials
based on exact theory and on QOEM and effective-index
theory. For loss-compensated metamaterials we find that
the effective-index theory is manifestly inadequate, both
for s- and p-polarized light. By contrast, our QOEM the-
ory in a consistent way predicts that the quantum noise
contribution 〈F †σ(k, ω)Fσ′ (k′, ω′)〉 to the power spectrum
of a layered metamaterial is given by Eq. (55), but with
the thermal distribution Nth(ω, |T |) replaced by the ef-
fective distribution Neff, σ(k, ω, T ) of Eq. (59). In the
absence of loss compensation, i.e. for loss-loss and gain-
gain metamaterials, we found that for s-polarized light
the QOEM theory exactly coincides with the quantum
optical effective-index theory. For p-polarization there is
no such exact agreement in the absence of loss compen-
sation, but numerically the differences between both ef-
fective theories are so small that it is essentially a matter
of choice which one to use. For loss-compensated meta-
materials, QOEM theory is the only accurate effective-
medium theory.
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FIG. 6. (Color online) Scheme of the loss-compensated mul-
tilayer medium in air. It has alternating layers with thick-
nesses da,b that are arranged symmetrically. The two outer-
most layers have widths da/2, which makes the medium finite
periodic with M unit cells. The amplifying and absorbing
layers are described by the Lorentz model [Eq. (56)], with
parameters ωpa/ω0 = 0.3, γa/ω0 = 0.1 for the lossy layers,
and ωpb/ω0 = 0.25, γb/ω0 = 0.15 for the layers with gain.
We choose da,bω0/c = 0.1 and M = 5. The incident squeezed
vacuum state |L〉 has the squeeze strength ζσ = 0.2 and phase
φσ,ζ = 2φσ,LO −
5
2
, while the squeezed vacuum state |R〉 has
the same strength ξσ = 0.2 with φσ,ξ = 2φσ,LO − 2, all as-
sumed to be frequency independent. The outgoing light on
the right-hand side of the multilayer metamaterial is mea-
sured with a balanced homodyne detector, shown within the
dashed box, which is assumed to co-rotate with the angle θ.
VII. SECOND TEST: PROPAGATION OF
SQUEEZED STATES
For the power spectra emitted by a metamaterial as
discussed in Sec. V, the input states of light were vacuum
states, which have a classical analogue (no light). By con-
trast, here we analyze how well the difference effective-
medium theories describe the output quantum states of
light when the input states have no classical analogues.
This will serve as a useful independent test of the ac-
curacy of the effective-medium theories. We will study
the propagation of squeezed states of light through the
metamaterial, generalizing Ref. [45] to arbitrary angles of
incidence. The main question is how well quantum prop-
erties of the incoming state are preserved in the output,
given that there is quantum noise in the metamaterial.
We compare the answers to this question as obtained by
exact multilayer theory and by quantum effective-index
and effective medium theories. Most importantly, we in-
vestigate whether the QOEM theory that so accurately
described power spectra in Sec. V also describes the prop-
agation of squeezed states well.
We will consider the same metamaterial for which we
calculated power spectra before, as detailed in Fig. 6.
Since the tangential component k is preserved under
propagation through the multilayer and since there is
air on both sides of the metamaterial, the output state
of light will emerge from the loss-compensated mul-
tilayer at the same angle θ. Squeezing, specifically
quadrature squeezing, occurs when the variance of the
quantum fluctuations in one of the quadrature compo-
nents of the electromagnetic field drop below the vac-
uum level. Squeezed states have no classical analogues
and their non-classicality can be quantified by their as-
sociated normally ordered variances of the field opera-
tors [65]. Squeezed light can be produced by transmit-
ting the radiation field through a nonlinear medium with
a second-order nonlinearity χ(2). Mathematically, the
squeezed incident quantum states of light can be written
as |L〉 = Sσ|0〉 and |R〉 = S ′σ|0〉, with squeeze operators
belonging to a fixed in-plane wavevector k given by
Sσ = exp
{∫ ∆ω
0
dω [ξ∗σ(k, ω)e
−iφσ,ξ(k,ω) a
(1) †
σ,+ (k, ω) a
(1) †
σ,+ (k, 2Ω− ω)− h.c.]
}
, (61a)
S ′σ = exp
{∫ ∆ω
0
dω [ζ∗σ(k, ω)e
−iφσ,ζ(k,ω) a
(N+1) †
σ,− (k, ω) a
(N+1) †
σ,− (k, 2Ω− ω)− h.c.]
}
. (61b)
Here the a
(1)
σ,+(k, ω) and a
(N+1)
σ,− (k, ω) are the photonic
annihilation operators of the incident fields with polar-
ization σ and the transverse wave vector k on the left-
and right-hand sides of the multilayer slabs, respectively.
It can be seen that the squeeze operators (61) correlate
pairs of fixed-frequency modes on both sides of the fre-
quency Ω. The amount of squeezing is controlled by the
squeeze parameters ξσ(k, ω) and ζσ(k, ω), which depend
on the frequency, polarization, and angle of incidence.
We specify the detector to be a balanced homodyne de-
tector. It is well known that squeezing can be measured
in such a setup, where the signal field and a strong lo-
cal oscillator are superimposed on a beam splitter, see
Ref. [66] and the sketch in Fig. 6. The measured quan-
tity is the difference in the photo currents of two detec-
tors placed in the output arms of the beam splitter, as
represented by the operator [65, 67]
Oˆσ = i
∫ t0+T0
t0
dt {a(N+1) †σ,+ aσ,LO − a†σ,LOa(N+1)σ,+ }, (62)
where on the right-hand side we suppressed the (k, t)-
18
0.5 0.766 1 1.305 1.5
ωLO/ω0
0.9
1
1.2
1.4
ou
tp
u
t
va
ri
an
ce
(a)
0.5 0.75 0.928 1.25 1.5
ωLO/ω0
0.9
1
1.2
1.5
ou
tp
u
t
va
ri
an
ce
(b)
FIG. 7. (Color online) For squeezed light incident at an angle of θ = 30◦ onto a loss-compensated multilayer metamaterial,
a comparison of the predicted variances (64) as would be measured in balanced homodyne detection at a detection angle of
also 30◦. The metamaterial and the input states are described in Fig. 6. Predictions with exact multilayer theory (blue solid
line) are compared with the quantum optical effective-index theory (green dash-dotted) and quantum optical effective-medium
theory (red dashed), for s-polarized input states of light in panel (a) and for p-polarization in (b).
dependence of operators for readability. The detector is
assumed to be polarization selective, and it is switched on
from time t0 to t0+T0 . The aσ,LO(t) and a
†
σ,LO are the
creation and annihilation operators of the local-oscillator
field with polarization σ. This local-oscillator field is as-
sumed to be a single-mode coherent light beam repre-
sented by the complex amplitude ασ,LO(t) that equals
F
1/2
LO exp[−i(ωLOt − φσ,LO)], in terms of a flux FLO, a
phase φσ,LO, and the frequency ωLO. With the usual
assumption that the local-oscillator field is much more
intense than the signal field, the measurement operator
Oˆσ of Eq. (62) can be written as
Oˆσ = F
1/2
LO
∫ t0+T0
t0
dtEσ(φσ,LO,k, t) (63)
where the operator Eσ(φLO,k, t) that equals
a
(N+1)
σ,+ (k, t) exp[i(ωLOt − φσ,LO − π/2)] + h.c is one
quadrature operator of the output field with wave vector
k and polarization σ that exits the loss-compensated
metamaterial on the right in Fig. 6. Balanced homo-
dyne detection allows to measure a single quadrature
component of the scattered field [66]. From the above
definitions, the variance of the difference photocount in
a narrow-bandwidth homodyne detector can be obtained
as [67, 68]
〈[∆Eσ(φσ,LO,k, ωLO)]2〉out = (64)
1 + 2〈a(N+1) †σ,+ (k, ωLO), a(N+1)σ,+ (k, ωLO)〉
+2Re[〈a(N+1) †σ,+ (k, ωLO), a(N+1) †σ,+ (k, ωLO)〉e2iφσ,LO ],
where the short-hand notation 〈C,D〉 ≡ 〈CD〉−〈C〉〈D〉
has been introduced for a correlation. The scattered out-
put state is squeezed if its photocount variance is smaller
than that of the vacuum state value [65]. The homodyne
electric-field operator has a variance (64) equal to unity
for the vacuum state. Therefore, the amount of squeez-
ing is gauged by the difference between this variance and
unity. We will now calculate the quadrature variances in
Eq. (64) in three ways: using the exact multilayer theory,
the effective-index theory, and by the QOEM theory. In
all three cases we make use of the commutation relation
Eqs. (13) and the definition of the squeezing parame-
ters (61). We start calculating the variances Eq. (64)
with the multilayer theory, where the crucial relation be-
tween input and output operators is given by (38). This
will result in rather long expressions, which is one of the
reasons to try to find simple but accurate effective theo-
ries also in quantum optics. The two types of correlations
in the variance in Eq. (64) are given by
〈a(N+1) †σ,+ (k, ω), a(N+1)σ′,+ (k′, ω′)〉 = δσσ′δ(k − k′)δ(ω − ω′)
(|Aσ,22(k, ω)|2 sinh2 ξσ(k, ω) + |Aσ,21(k, ω)|2 sinh2 ζσ(k, ω))
+〈F †σ,+(k, ω)Fσ,+(k′, ω′)〉, (65a)
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FIG. 8. Same as Fig. (7) but now for incident and detection angles of θ = 60◦.
〈a(N+1) †σ,+ (k, ω), a(N+1) †σ′,+ (k′, ω′)〉 =
1
2
δσσ′δ(k − k′)δ(ω + ω′ − 2Ω) (65b)
×
(
A∗ 2σ,22(k, ω) sinh 2ξσ(k, ω)e−iφσ,ξ(k,ω) +A∗ 2σ,21(k, ω) sinh 2ζσ(ω)e−iφσ,ζ(k,ω)
)
.
The homodyne signal depends on the noise as de-
scribed by the operator Fσ,+(k, ω), which represent
the outgoing rightward-propagating noise field produced
inside the multilayer medium. More specifically, the
noise dependence is described by the expectation value
〈F †σ,+(k, ω)Fσ,+(k′, ω′)〉, which is the same noise-photon
flux that we also came across in the power spectrum (52).
Thus the effect of the quantum noise on the squeezing
properties of output light can be fully characterized by
the emitted noise photons. The reason why only the first
of these two expressions depends on the quantum noise
is that the quantum noise is assumed to be in a thermal
state for which 〈F †σ,+(k, ω)F †σ,+(k′, ω′)〉 vanishes.
We will compare predictions of the homodyne sig-
nal made with the exact multilayer theory and with
the two effective theories. For the multilayer theory,
we can insert into Eq. (65) the classical multilayer ma-
trix Aσ(k, ω) of Eq. (40a) and the multilayer noise flux
〈F †σ,+(k, ω)Fσ,+(k′, ω′)〉exact of Eq. (53) again. In both
effective theories on the other hand, the exact matrix co-
efficients of the input-output matrix are to be replaced by
the corresponding elements of the effective matrix Aeff of
Eq. (44). Furthermore, in the effective-index theory the
noise photon flux is given by Eq. (55), while in the QOEM
theory it is given by Eq. (57).
In Fig. 7 we compare the output squeezing spectrum
predicted with the three theories, all for T = 0, at an an-
gle of 30 degrees away from the normal. In Fig. 8 we show
the same for an output angle of 60 degrees. For simplic-
ity we take the squeezing strengths ξ∗σ(k, ω), ζ
∗
σ(k, ω) and
phases φσ,ξ, φσ,ζ to be constant in the depicted frequency
interval. We observe that the output squeezing spectrum
is sensitive not only to the local-oscillator phase but also
to the angle of incidence and the polarization. For this
loss-compensated multilayer, the output squeezing spec-
trum shows a maximum exceeding unity in the vicinity
of the resonance frequency. Noise photons destroy the
squeezing property of the input field such that the output
state will not at all be squeezed for most local-oscillator
frequencies in the interval [0.5ω0, 1.5ω0] shown in the fig-
ures. By contrast, in the same frequency interval the
quantum optical effective-index theory predicts the out-
put light to be squeezed for almost all local-oscillator fre-
quencies. In other words, the output state of light of the
loss-compensated material is considerably noisier than
that of the homogeneous slab with the same βσ. Thus
Figs. 7 and 8 clearly illustrate the failure of the quantum
optical effective-index theory for loss-compensated meta-
materials. In Ref. 45 this failure was already established
for normal incidence, and here we see that the agree-
ment does not improve when detecting under an angle.
The more important message from the figures is the very
good agreement between the exact theory and QOEM
effective theory, not only for normal incidence but also
under an angle, and both for s- and for p-polarized light.
Small numerical differences between the exact theory and
the QOEM theory occur only close to resonance and only
for large incident angles.
The colors of the frequency intervals in Figs. 7 and 8
label net loss and net gain, exactly as before in Figs. 2
and 3. When loss is exactly compensated by gain, we
saw in these earlier figures that Neff, σ(k, ω, T ) diverges
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while the output intensity was continuous. Here in Figs. 7
and 8 we see that likewise in homodyne detection the
output variance is still continuous at those frequencies
where Neff, σ(k, ω, T ) diverges.
VIII. DISCUSSION AND CONCLUSIONS
We studied the propagation of quantum states of light
through metamaterials, and showed that also in quantum
optics an effective description of layered metamaterials
can be given, for any angle of incidence and polarization.
Quantum noise due to material loss or gain has an in-
fluence on the quantum states of light. We showed that
in some situations the effective index suffices to describe
the quantum noise, while in other cases an additional
effective-medium parameter is needed, namely the effec-
tive noise-current density.
We tested our quantum optical effective-index theory
(one effective parameter) and quantum optical effective-
medium theory (two parameters) by calculating spectra
and comparing with a full description of the multilayer
metamaterial. For loss-compensated metamaterials, the
gain regions emit noise photons, not described by the
effective-index theory, that do affect the spectra. They
have a similar effect on balanced homodyne detection
measurements. We showed that our quantum optical
effective-medium theory describes both the spectra and
the homodyne signal well.
For normal incidence we found earlier that quantum
noise of passive metamaterials can be described in terms
of the effective index, and loss-compensated require the
additional parameter. We now found that this also holds
exactly for s-polarized light at all angles of incidence,
but for p-polarized light the additional parameter is also
needed for passive systems. For all angles of incidence
and polarizations, we derived expressions for the new ef-
fective parameter.
Our results can be readily generalized to magnetic lay-
ered metamaterials. For metamaterials not composed of
multilayers, more work would be needed to derive the ef-
fective noise current density. Metasurfaces with gain will
similarly require a description in quantum optics that
describes the quantum noise associated with the gain.
Another interesting open question is whether the current
effective-medium theories suffice to describe higher-order
measurements, for example bunching or anti-bunching in
intensity correlation measurements, for quantum states
of light that propagated through metamaterials.
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Appendix A: Methods to obtain classical effective
parameters
Scattering method.— The scattering method developed
by Smith and coworkers [10, 11, 17] has proved extremely
useful. The idea is to fit the scattering properties of a
metamaterial by those of a homogeneous medium, with
values for the effective parameters that give the best fit.
Finding equivalent bulk parameters in this way is solv-
ing an inverse problem. Recently, this approach has been
generalized to obliquely incidence [15] by assuming that
the effective medium can be fully characterized by βeff ,
the wave-vector component in normal direction (here: zˆ-
direction). In fact, for oblique incidence, there is no need
to introduce the effective refractive index because all de-
tails of wave propagation follow from this parameter βeff .
What is more, the refractive index may lose its physical
meaning and may even become discontinuous, due to the
branch cut of the complex square root [15, 69]. By re-
trieving the normal wave vector component βeff from the
reflection and transmission coefficients (45a) and (45b)
of a homogenous medium with thickness L, the index of
the plane wave for both polarizations s and p is derived
as
βeff, σ L = ± arccos
(
1− r2eff, σ + t
′2
eff, σ
2t′eff, σ
)
, (A1)
where t′eff, σ = Aσ,21 exp(iβ0L) is the modified transmis-
sion amplitude. In general, the multiple branches as-
sociated with the inverse cosine of Eq. (A1) make the
unambiguous determination of the normal wave vector
component βeff σ difficult [17]. However, the ambiguity
will not arise in our calculations since for simplicity we
only consider situations where the wavelength within the
medium is much larger than the multilayer length L.
Dispersion method.— Alternatively one can identify
values for effective parameters using the dispersion
method: the effective parameters of a periodic bi-layer
system with permittivity functions εa(ω), εb(ω) and
thicknesses da,b are obtained from the Bloch dispersion
relation
cos(βeffb, sd) = cos(βada) cos(βbdb) (A2)
−1
2
(
βa,σ
βb,σ
+
βb,σ
βa,σ
)
sin(βada) sin(βbdb)
in the long-wavelength limit. We describe s- and p-
polarized light at the same time, since βj,σ stands for
βj,s = βj and βj,p for
βj
εj
, while d equals the total thick-
ness da + db of the two bi-layers. By taking the Taylor
expanding them near the point (ω,k) = (0,0), we obtain
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the dispersion relation
β2effb, σ
εeff,σ ‖
+
k2
εeff,σ⊥
=
ω2
c2
, (A3)
in terms of two important effective parameters, namely
εeff,s ‖ = εeff,p ‖ = εeff,s⊥ = (εada+εbdb)/d and εeff,p⊥ =
(εaεbd)/(εbda + εadb). These are standard effective di-
electric tensor components that correspond to the direc-
tion of the electric field parallel (‖) and perpendicular
(⊥) to the layers, respectively.
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